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Abstract 


this paper, we relate several questions about cutting planes to a fundamental 
‘problem in the goomotry of numbers, namely, the elosst vector problem, Using 
this connection we show that tho doaninaoe, membership aad validity problems 
‘aro NP-omplote for Chvatal and split cuts. 
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1, Introduction 


Given a rational polyhedron P= {r € IP|Ar <b}, where Ae Z** and be 
Chvvdtal cut [a] ax < dis obtained from a valid inequality wr Ce for P, where a € 
and d= [cJ. A split eut [5] ax < d is a valid inequality for Comv(P 9 {x € R|re 
ay) PO (ee Belen 2 my -+1}) for some (7,7) € 2°", where Cony(Pi, P,) denotes 
the convex: hull of FUP. Split cuts are an important special caso of disjunctive 
cuts 2]. The equivalence between split cuts, Gomory mixed integer ents aad mixed 
integer rounuing ents way praved by Nembauser and Wolsey [13, Ld]. See also [6, 7 
Cheatal cuts are special split cuts where PO {x € RM > xp+1) is empty, 7 =a 
and ry =<. The intersection of all the cuts in a given family is ealled the elementary 
closure of P for this family, The elementary closure for Chvital cuts i called Chaital 
closure auc for split cuts it i called split closure 
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A-cal ar < d for «rational polyhedron P dominates tr < Jif Pr{x € RYlar <a} C 
Pree I|as <a}. The dominuzice proilem fr a family of cuts is, given a vational 
polyhedron P and an inequality dx <d with (@,d) € Z°~, ta decide whether there 
exists a cut a7 <d for P in tho family sueh that a < d dominates ax < d 


‘The membership problem (11, 15] for the elementary closure of a family af ents is, 
given a rational polyhedron P and a rational point 2” € P, to decide whether 2° 
helongs to the elementary closure of P for this family of ents 


‘The validity prmblem for the elementary closure of a family of cuts is, given P and 
an inoquality, to decide whether this inequality is valid for the elementary closure 
of P for the family of ents. The validity problem for Chvsital cuts was considered 
in [9]. tis well kuown [11] that the membership and validity problems have the 
samie computational complesity since optimizing a linear function aver the elementary 
closure can be done using hinary search ta solve a sequence of membership problems 


One can verify that these throe decision problems are in NP both for Chvtal cuts 
and split ents, The complexity of the membership problem for the Chvétal elosure 
‘was raised by Sehrijver [15] anc settled by Bisenbrand {8}. Using a result of Caprara 
and Fischetti, Bisenbirand reduces the weighted binary clutter problem [10] in a clever 
‘way to the membership problem to prove its NP-completeness, ‘The complesity of 
the membership problem for the split closure was raised by Cormuéjols and Li [6] and 
recently settled by Caprara and Letehford [3]. They reduce the max eut problem to 
‘tho membership problems for split cuts, balanced split euts and binary split cuts, and 
thoreby prove their NP-complcteness. The dominance problom has not boon studied 
previously in the literature, Note that it involves a single eut whereas, by contrast 
the validity problem involves the whole elementary closure 


I this paper, we reduce the closest vector problem, a fundamental problem in the 
geometry of mumabers, to the dominance and membership prablems for Chvétal and 
split cuts, and concisely prove their NP-comploteness even when P is a simplicial 
ceone. 


2. Comecting the closest vector problem to the dominance 
and membership problems 


Given a vector b = (by,03,2++,b,) € QP and n linearly independent vectors aj = 
(035, ais s05) € QM (1S i <n), the Closest Vector Problem (CNP) is to find a 


rector lowest fo bin the latice L= fx € Qh 2 = Bk, ky Z, 154 Sn). OVP 
erm (p 1) ft). The cares 


was shown 10 be NP-hard for any dy 
problem is NP-complete (12, 16) 


ing decision 


Lemma 1. Given b € Q", a laitice L generated by n basis veetors « € Q" (1 <1 < 


nn), and m € Qy, the feasibility problem for 


@ { tec 


is NP-complete. 


‘We are going to reduce the above feasibility problem for the L.-nerm and t-norm 
to the dominance and membership problems for Chyatal and split euts om @ sim 
plicial cone. Let & = (@j.b)) (I< i < m) and yyy = (0,0,+-+,0,—1), where 
4; = (ai ma,9** 6) € Q" (1 SiS n) are n arbitrary Tinearly independent eve- 
tors, and let b; € Q (1 <7 <n). The simplicial cone that we will work om is 


CH (2 ERM e= 34'S Nay, X, > Ofor 1 <i <4 1), where 3 = (0,0.+"". 043). 


‘Thoorom 2. ‘The dominance problem for Chvaital cuts is NP-complete. 


Proof. Consider the simplicial eone C dofined above and an inoquality ax < d with 
(ad) € 2" such that the hyperplane ax = d intersects the extreme rays of C at 
the points $ + vty (SiS r +1), where 0 < ay < +90 (14S n) amd dos 
An inequality m1 > +1 is a Chustal eut of C, where (3,79) € 2%, if aud only 
0 < xf — my < Land wij 20 (1 iS ntl). Love = a8 — ae. Ih is easy to 
chock thatthe hyperplane zz = 7p + 1 interseets the extreme rays of C atthe points 
B+ te, where Ay = Het (L <7 < n+ 1), Nove that when x0, = 0, the hyperplane 
‘rx ~ x + Lis parallel to the ray G:, and by convention we let Ay = +00. 

‘The inequality ar <a is dorninated by mr < mq +1 if and only ia; <A; (1 <7 < 
n+l), Therefore the inequality ar < dis dominates by a Chvatal eut of C if and 
only if there exists (x7) € 2"? such that O-< ray < EE (LS i <n bl) and 
0<e<1, where 1%. " 

By the choice of , we have 0 < 


= ny <1. Since xy and a4 ar integer, 
it follows that-¢ = 3 and say, is an od numober, By the choice of dey and igs, it 
follows that 0 < ~ay.y <1. Thus t 
Let 3 = (Fry). hes ar < disc 
‘there exists a solution 7 to 


Osta —W Sab, 1Sisn, 
@ {°s 


reg 
Let E be the lattice with basis wetors (aj = (aimis-+*s0pi)JBax- Because the 
feasibility prablem for (1) (when p= ac) is NP-complete, by Lemma 1, and (2) has 


‘a more general form than (1), the feasibility problem for (2) is NP-complete. 


‘Theorem 3. The dominance problem for split cuts is NP-complete 


Proof. A split cut from a disjunction (x2 < 
for C. must be violated by 6. ‘Thus 0 < 
c=m8 


ra) V (re > ay +1) that is not valid 
He <1, 16.0.5 Ft = ay <1. Let 


Then ¢= § and rn4i 38 an odd number. 
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Lot + Adi; (1 SiS m41), where A; > 0, be the m+ 1 intersection points of the 
extreme rays of C with the split cut, Since theso points are either on the hyperplane 


ita, > 0, 
tna, <0. 


(1 Si S41), lever Sd with (4) € 2"? be an 
inexquality such that the hyperplane ax = i intersects the extreme rays of Cal the 
points § + aid (IS 7S m+ 1}, whoro 0 <a, < 400 (1S F< pn) and dings 
= (Faye). Now the inequality ar < dis dominated by a split eut if and on 


[nai + toyibil Samy DSi ST 
af 


Vans, te lb old, 
rem 

is feasible. Since 13 can only tae the vale Lot 1 and there no sign restrition 

on F (8) fie and ly if 


|ra,—hl Sab, LSé<m, 
® { ren 

is feasible 

Tt Jb the lattice with basi vctes {04 = (045+) Sime (n,n, 

cg) isa arittary pitiveralional vector, the NP-complete of the fab 

pole for (3) flows frm Lenina 1 (nln p = =o) i 


‘Theorem 4. The membership problem for the split closure is NP-complete 


Proof. Leto = 4 


$3), € © bo nn interior pint fC. Using rete in the 


proof of Theor 


a 3, a split a th aims (ve Sra) V (FEZ +1) 


violnid by Wand only 0733 <1 whee Ae 


PES 8 S$ 1) and ap 
js an odd number, ‘Thereforé, tho point 2° is eut off by a split eut if and only if 


> Tan) € 


is + Tapibi| + [tna] <2 has a solution + 
Bring ead saying $+ ne + el] <2 ofr ray be ite 


where 


li 1 Bes ha ign tind 2 Wak ob sl Gan ly 
it [Ra] <1 has alti % € 2". Now, the NP-ewepetews follows fom 
1 


Kannan’s proof [12] of Lemma 1 above (see alse Theorem 
‘the NP-completeness of the following variant of CVP. 


mma I (when p=1 and «= 1). 0 


5 in (1) actually implies 
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Lemma 5. Given b € Q", a laitice L generated by 1 basis veetor «; € Q" (1 <1 < 
nn), and w € QQ, the feasibility problem for 


5) [le th <a 
1 {PouhSS 
is NP-complete. 


‘Theorem 6. ‘The membership problem for the Chvatal closure is NP-complete. 


Proof. Taking the same point 2* asin the proof of Theorem 4 and using the argument 
in the proof of Theorem 4 and the fact that. 24; > (for a Chvatal cut, we conclude 
‘that 2 is ent off by a Chvatal cut ifand only if 


és { Eira, 


FED, Fa >b,1S 


has a solution. ‘The NP-completeness now follows from Lemma 5 (when u=1). 0 


Using binary search to optimize a linear function aver the elementary closure, it 
follows that the validity and membership problems have the same computational 
complesity. This implies the following result. 

Corollary 7. ‘The validity problems for the Chvtal and split elosures are NP- 
complete 


Acknowledgments: We thank Fritz Bisenbrand for his helpful comments and Daniele 
Micciancio for kindly pointing out the NP-completeness proofs in (1, 12] 
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